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Abstract. In this paper we study the integral Chow ring of toric Deligne- 
Mumford stacks. We prove that the integral Chow ring of a semi-projective 
toric Deligne-Mumford stack is isomorphic to the Stanley-Reisner ring of the 
associated stacky fan. The integral orbifold Chow ring is also computed. Our 
results are illustrated with several examples. 



1. Introduction 

Chow groups with integer coefficients of algebraic stacks were defined by Edidin 
and Graham |EG] and Kresch |Krj . using Totaro's idea [Toj of integral Chow ring 



of classifying spaces. In [EG], the authors constructed an intersection theory of 
stack quotient [X/G] of a quasi-projective variety X by an algebraic group G. 
In the case of Deligne-Mumford stacks, the authors proved that the equivariant 
Chow ring A* G (X) with integer coefficients is isomorphic to the integral Chow ring 
of the quotient stack [X/G]. 

Toric Deligne-Mumford stacks were introduced by Borisov, Chen and Smith 
[BCSJ via a generalization of the quotient construction jCoxj of simplicial toric 
varieties. A construction of toric stacks using logarithmic geometry can be found 
in |Iwal] . The purpose of this paper is to compute the (orbifold) Chow ring with 
integer coefficients of a toric Deligne-Mumford stack. A toric Deligne-Mumford 
stack is defined in terms of a stacky fan S = (N, where iV is a finitely 

generated abelian group, S C Nq = N ® z Q is a simplicial fan and (3 : Z n — ► iV 
is a map determined by the elements {bi, ■ ■ ■ ,b n } in N. By assumption, (3 has 
finite cokernel and {pi, ■ ■ ■ ,b n } generate the simplicial fan S, where 6« is the image 
of bi under the natural map N — > Nq. The toric Deligne-Mumford stack 
associated to S is defined to be the quotient stack [Z/G], where Z is the open 
subvariety C n \ V( Js), Js is the irrelevant ideal of the fan, G is the product of 
an algebraic torus and a finite abelian group. The 67-action on Z is given via a 
group homomorphism a : G — > (C*) n , where a is obtained by taking Homz(— , C*) 
functor to the Gale dual (3 y : Z n -> iV v of (3 and G = Hom z (iV v , C). 

Each ray pi in the fan S gives a line bundle over which is defined by 

the quotient Z x C/G and the action of G on C is through the i-ih component of 
the map a. The Picard group of A'(E) is seen to be isomorphic to iV v . 
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Every stacky fan E has an underlying reduced stacky fan E red = (JV, E, (3), 
where N = iV/torsion, (3 : Z n — > N is the natural projection given by the vectors 
{pi, ■ ■ ■ ,b n } C N. The toric Deligne-Mumford stack ,Y(E r ed) is a toric orbifold. 
By construction Af(E red ) = [Z/G], where G = Hom z (A" , C*) and iV is the Gale 

dual (3 : IT -f N of the map /?. The stack ,Y(E re d) can be obtained by the 
rigidification construction (see e.g. [AC V] ) . Each ray pi in the fan E also gives a 
line bundle L, over the toric orbifold which corresponds to the divisor Di. This 
line bundle Li also has a quotient construction Z x C/G where G acts on C via 
the i-th component of the map a : G — > (C*) n , obtained by taking Hom^(— , C*) 
to the map (3 . 

Since AT is a finitely generated abelian group, we write it as the invariant factor 
form 

N = Z © Z mi © • • • © Z mr , 

where mi\m2 \ ■ ■ ■ \m r . Let E be a stacky fan. Suppose that the map (3 generates 
the torsion part of N, then r < n — d. We prove that the toric Deligne-Mumford 
stack X(E) is a nontrivial fi = /i mi x • ■ ■ x /i mr -gerbe over the toric orbifold 
Af(E re d) obtained as the stack of roots of line bundles Mj. In the Picard group of 
the toric orbifold, there exist n — d line bundles Mi, • • ■ , M n _& such that the A'(E) 
can be constructed as /x mr gerbes over the line bundle Mj for z = 1, • • • , n — d. 
These n — d line bundles form the canonical generators of the Picard group. 

Iwanari |Iwalj . [Iwa2j proved that the integral Chow ring of the toric orbifold 
^(Ered) is isomorphic to the Stanley- Reisner ring S^Ered) of the reduced stacky 
fan E re d, where 



1.1) SR(E 



red J 



Z[ Xi : Pi £ E(l)] 
(/ s + C(E red )) ' 



the ideal is is generated by 

(1-2) {x h ---x ik :p h + Vp ik ^E}, 

and C(E re d) is the ideal generated by linear relations: 

(1.3) 



In the toric orbifold case we have that 



Z[xj : pi £ E(l)] ^— v 
(C(E red )) " ' 



where is the Picard group of the toric orbifold. Let t\, • • • , be the canon- 
ical generators of the Picard group of ^(Ered). Then tj's generate Xj's and x^'s 
generate tj's, let x = {xi),t = (ti) be column vectors, then there exist integral 
matrices A = (ojj) and C = (qj) such that x = At, and t = Cx. Let x = (xi) 
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be a column vector and 

nil 

M = 

mn-d J 
a diagonal matrix such that 

(1.4) X := AMt = AMCx = Ex., 

where E = AMC is a n x n integral matrix. So every x\ is a integral linear 
combination of x^s. Let Xs be an ideal in Z[xi : pi G S(l)] generated by 

(1.5) {x h ---x^ : p h + ••• + p ik (£ E}. 

We define the Stanley-Reisner ring S'-R(S) of the stacky fan S as follows: 

(L6) Sm := (J E + C(E)) ' 

where C(S) is the same as the ideal C(S re d) in ( 11.31) . 

Let A* (A'(S), Z) be the integral Chow ring of the toric Deligne-Mumford stack 
X(ll). Then we have: 

Theorem 1.1. Let Af(S) be a toric Deligne-Mumford stack with semi-projective 
coarse moduli space. Suppose that in the map (3 of the stacky fan S, the vectors 
£>!,••• ,b n generate the torsion part of N. Then there is an isomorphism of rings: 

A* (#(£), Z) = SR(E). 

Since the toric Deligne-Mumford stack is a nontrivial p-gerbe constructed from 
a sequence of root gerbes of line bundles, Theorem 11.11 is proved by calculating 
Chow rings of root gerbes in terms of those of the bases and applying the result 
of Iwanari |Iwa2j . see Section HI 

The rational orbifold Chow ring of projective toric Deligne-Mumford stacks are 
computed in [BCSj . Their result was generalized to semi-projective case in jJTj . 
The orbifold Chow ring is isomorphic to the deformed ring of the fan. Using 
Theorem 11.11 we compute the integral orbifold Chow ring for any semi-projective 
toric Deligne-Mumford stacks. For a stacky fan S, let a be a cone in S, define 
Box (a) to be all the elements v G N such that v = Yli P] ca a jbj N for < ctj < 1. 
Let Box(Yi) be the disjoint union of all Box(o~) for a C S. The set -Box(S) is 
finite and may be listed as {vi, ■ ■ ■ ,vt}- 

Now we consider the integral orbifold Chow ring of the toric Deligne-Mumford 
stack X(YH). First we introduce some notations. Let y = (y bi ) and y = (y bi ) for 
1 < i < n be column vectors such that 

y = Ey, 

where the matrix E = AMC is the same as the matrix in (11.41) . We introduce the 
ring: 

_ ZW* : pi G £(!)] 

<->£ , 

■It, 
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where y is a formal variable and the ideal Xs is the ideal generated by the elements 
in (11.51) replacing Xi by y bi , i.e. by the elements 

(1-7) {y b n...y b > k :p il+ ... + p lk( £Z}. 

We define a ring 

(1-8) Z[£] = S S [^V--,^], 

which is a ring over the Stanley-Reisner ring. The product is defined as follows: 
For any two Vi,v 2 G -Box(S), let V\ + v% = Y^ Pj ccr(yx v 2 ) a foj an d let / be the set of 
rays pi such that a* > 1, J the set of rays pj such that pj belongs to a(vi),a(v2), 
but not a(v 3 ). Then 
(1.9) 

Vl V2 J y V3 Yliei y bi ' Hie j y bi ^ there is a cone a G S such that Ui G cr, w 2 G er . 
^ ^ I otherwise . 

Let Czr(S) be the ideal generated by the elements in (jl.3p replacing Xj by y b % 
i.e. by the linear relations: 



;i-io) 




,i=i 

Let A* orb (A'(S), Z) be the integral orbifold Chow ring of the toric Deligne-Mumford 
stack Then we have: 

Theorem 1.2. Lei 6e a tone Deligne-Mumford stack associated to the 

stacky fan H such that the coarse moduli space is semi-projective and the map 
(3 generates the torsion part of N in the stacky fan S. Then we have an isomor- 
phism of graded rings: 

This is the first nontrivial examples of the formula for integral orbifold Chow 
rings. Using Theorem ll.l[ the proof of Theorem 11.21 is similar to [BCS] , except 
that we work with integer coefficients. 

This paper is organized as follows. In Section [2] we recall the construction of 
Gale duality for finitely generated abelian groups in [BCS] and use it to study 
toric Deligne-Mumford stacks. We give a construction of toric Deligne-Mumford 
stacks in this section. In Section [3] we discuss line bundles over toric Deligne- 
Mumford stacks and determine the Picard group of toric Deligne-Mumford stacks. 
In Section H] we study the integral Chow ring of toric Deligne-Mumford stacks. We 
prove that the integral Chow ring of a toric Deligne-Mumford stack is isomorphic 
to the Stanley-Reisner ring of its stacky fan. We study the integral orbifold Chow 
ring in Section 0, and in Section E] we compute some examples. 
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Conventions. In this paper we work entirely algebraically over the field of com- 
plex numbers. Chow rings and orbifold Chow rings are taken with integer coef- 
ficients. By an orbifold we mean a smooth Deligne-Mumford stack with trivial 
generic stabilizer. 

We use N* to denote the dual Hom z (iV, Z) and C* the multiplication group 
C — {0}. We denote by N — > N the natural map modulo torsion. Since N is a 
finitely generated abelian group, we write 

N = Z © Z mi © • • • © Z mr , 

where mxlrr^l • • • \m r . This is called the invariant factor decomposition. 

Acknowledgments. We thank Kai Behrend, Patrick Brosnan, Barbara Fantechi, 
and Isamu Iwanari for valuable discussions. Y. J. thanks the Fields Institute for 
Mathematical Science (Toronto, Canada) for financial support during his visit in 
May- June, 2007. H.-H. T. thanks the Institut Mittag-Leffier (Djursholm, Sweden) 
for hospitality and support during his visit to the program "moduli spaces" . 

2. Trivial and Nontrivial Gerbes 

In this section we first recall the construction of Gale duality for finitely gen- 
erated abelian groups. We use the properties of Gale duality to classify toric 
Deligne-Mumford stacks as trivial and nontrivial gerbes over the toric orbifolds. 

2.1. Gale duality and toric Deligne-Mumford stacks. We recall the con- 
struction of Gale duality according to [BCS] . Let N be a finitely generated abelian 
group with rank d. Let 

: Z n -> N 

be a map determined by n integral vectors {b\, • ■ ■ , b n } in N. Taking Z n and N 
as Z-modules, from the homological algebra, there exist projective resolutions E 
and F of Z n and iV satisfying the following diagram 

E 1 n 

P 

F »■ N. 

Let Cone(f3) be the mapping cone of the map between E and F. Then we have 
an exact sequence of the mapping cone: 

— > F — ► Cone(f3) — ► E[l] — ► 0, 

where E[l] is the shifting of E by 1. Since E is projective as Z-modules, so we 
have the exact sequence obtained by applying Hom^(— , Z): 

— ► E[l]* — ► Cone{(3)* — > F* — > 0. 

Taking cohomology of the above sequence we get the exact sequence 

(2.1) N* (Z n )* -^U H\Cone(PY) — > Ext\{N, Z) — > 0. 
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Definition 2.1. Let N v = H l (Cone((3)*). The map 

f3 v : (Z n )* -> N v 
zs called the Gale dual 0/ £/ie map /3. 

According to [BCS] . both N v and /3 V are well defined up to natural isomorphism. 

This construction can be made more clear. Since N has rank d and Z n is a free 
Z-module, the projection resolutions can be chosen as: 

— ► Z n — ► = E, 

— > 71 Z d+r — > = F, 
where Q is an integer matrix. Then there is a map Z n — > Z d+r defined by a matrix 
5 which gives the map between E and F. The mapping cone Cone{(3) is given 
by the following complex: 

— > z n+r [ ^ ] Z d+r — > = Cone{(5). 
(12.11) is then obtained by applying the snake lemma to the following diagram 

► ► {z d+r y ► (z d+r y > 

(2.2) 

> (z n y ► {z n+r y ► (ziy > 0. 

Then A^ v = (Z n+r )*/Im([B, Q]*) and f3 y is the composite map of the inclusion 
(Z n Y ^ (Z n+r Y and the quotient map (Z n+r )* -> (Z n+r )V/m([ J B, Q]*). 

Remark 2.2. //AT zs free, i.e. there is no torsion part in the group N. Then by 
l{2.2\) , the Gale dual /3 V is the quotient map (Z n )* — > (Z n )* / Tm([B]*) and we have 
an exact sequence 

N* (Z n Y H\Cone(PY) — ► 0. 

Let A" — > N be the natural map of modding out torsion. Then N is a lattice. 
Let E be a simplicial fan in the lattice N with n rays {pi, • ■ • ,p n }. Choose n 
integer vectors {61, • • • , b n } such that 6, generates the ray pi for 1 < i < n. Then 
we have a map (3 : Z n — > A/" determined by the vectors {61, ■ ■ • , 6 n }. We require 
that /3 has finite cokernel. 

Definition 2.3 ( |BCSj ). The triple E := (AT, E, /3) zs called a stacky fan. 

We define toric Deligne-Mumford stack from a stacky fan E. Since j3 has fi- 
nite cokernel, by Proposition 2.2 and 2.3 in |BCS] , we have the following exact 
sequences: 

(2.3) — > (N y y Z n -^-> N — >■ Coker{(3) — > 0, 

(2.4) — ► JV* — ► Z n A^ v — ► Coker{(3 y ) — ► 0. 

Since C* is a divisible as a Z-module, applying Hom z (— ,C*) to (12.41) gives: 



[B,Q\* 
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(2.5) 1 — >fi — >G^(C*) n — >T — >1, 

where p = Hom z (Coker (/? v ), C*) is finite, G = Hom z (iV v , Z*) and T is the d 
dimensional torus (C*) d . 

Let C[zi, ■ ■ • , z n ) be the coordinate ring of the affine variety A n . Associated to 
the simplicial fan E, there is an irrelevant ideal Js generated by the elements: 




Let Z := A n \V(Js)- Then Z is a quasi-affine variety. The torus (C*) n acts on Z 
naturally since Z is the complement of coordinate subspaces. The algebraic group 
G acts on the variety Z through the map a in (12. 5p . Then we have an action 
groupoid Z x G =4 Z. 

Definition 2.4 QBCS]). The toric Deligne-Mumford stack associated to the 

stacky fan S is defined to be the quotient stack [Z/G]. 



Since iV is a finitely generated abelian group of rank d, we may write 

N = Z © Z mi © • • • © Z mr . 

Then N = Z d , and 

^ : Z n -> JV 

is given by • • • ,& n }- So S re d : = (N,Ti,f3) is a stacky fan. In the exact 
sequence (12.51) . let G = Im(a), then we have an exact sequence of abelian groups 

1 — >fj, — >G — > G — > 1. 

This is a central extension. By |DPj . the quotient stack [Z/G] is the /i-gerbe over 
the quotient stack [Z/G] =: ^(Sred) determined by this central extension. 

Remark 2.5. TTie stack X(£ re( i) can be constructed as follows. Consider the 
following exact sequences 

— ► (N V y — > Z n N — > 0; 
where (3 is given by the vectors {bi, ■ ■ ■ ,b n }, and 

(2.7) o — >n* — > (z n y i iV V — ► 0. 

So Ad-i(X(Ti)) = N V and from the construction of Cox |Cox] . X(/E re( j) = [Z/G], 
where G = Hom z (N V , C*). 
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2.2. Construction of toric Deligne-Mumford stacks. It is known that every 
toric Deligne-Mumford stack X(S) is a /x-gerbe over the underlying toric orbifold 
for a finite abelian group fi and some finite abelian gerbes over Af(S) are again 



toric Deligne-Mumford stacks, see Jiang2 . In this section we classify trivial and 
nontrivial gerbes over toric orbifolds. 

Lemma 2.6. Letllf andU} be two free abelian groups of ranks s andt respectively. 
Suppose that there is a map (3 : Z s — > Z* which is given by an integral t x s matrix 
A. Then the dual map (3* : (Z*)* — > (Z s )* is given by the transpose A t and 

coker{(3*) = ker(P) © coker(3. 

Proof. For simplicity, we assume that (3 has finite cokernel and s > t. Since the 
matrix A is an integer matrix, there exist invertible s x s integer matrix P and an 
t x t integer matrix P such that P AP is the matrix 



a i 











a t . 



with ai| • • • \at- This is the Smith normal form (see e.g. |Pra] ) . It follows that 
coker((3) = Z ai © • ■ ■ © Z at . After taking dual we get that the map (3* : (Z*)* — > 
(Z s )* is given by the matrix 



a L 










at 




So it is easy to see that coker(/3*) = Z s 1 © Z ai © • • • © Z at . Since the kernel of /3 
is isomorphic to Z s_ ', we complete the proof. □ 

Lemma 2.7. Let H be a stacky fan. If the vectors {b\, • • • , b n } generate the torsion 
part Z TOl © • • • © Z mr o/ i/ien r < n — d and N x 



Proof. From the following diagram 



d+r 






It is easy to see that if f3 generate the torision part of N, then r < n — d. 

By the construction of Gale duality in (Q, iV v ^ (Z n+r y/Im([B,Q}*). Since 
F is free, we have N V ^ (Z n )*/Im([B)*). The map [B,Q] : Z n+r -> Z d+r in the 
mapping cone Cone(f3) has the same cokernel as the map (3. Since the map (3 
generate the torsion part of N, the map (3 has the same cokernel as the map (3. 
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Thus the map [B, Q] has the same cokernel as the map [B] : Z n — > Z d . Also, 
ker[B,Q] ~ Z n ~ d ~ ker[B]. By Lemma I2T51 we have 



N v = coker[B, Q]* ~ coker[B}* = N . 



□ 



Let £ be the stacky fan and S re d the corresponding reduced stacky fan. Con- 
sider the following diagram 



Z n 



N 



id 



Taking Gale dual yields 
► N* - 

(2.8) 







N* 



p 

Z n *■ N. 



N v 







cok{^ 



-> 



0. 



Lemma 2.8. Let S = (N, E, /3) be a stacky fan. If the vectors {b\, • • • , b n } in the 

map j3 generate the torsion part Z mi © • • • © Z mr of N , then the map if in \2. 8\) is 
diagonalizable over integers. 

Proof. First in the reduced stacky fan S re d, the map (3 : Z n — > Z d is given by 
{&!,-•• ,b n }. Consider the following diagram 







(2.9) 







z 



in i 



z n 



N 



Z n 



A' 







-> 0. 



From the definition of Gale dual in Section 12711 we have the morphisms of mapping 

cones Cone{(3 ), Cone(/3) and Cone{(3)\ 





► z r 



(2.10) 



z 



n+r 



[B,Q] 



Z' 



Z 



-> 



► z™ — z d 
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where Q is the diagonal matrix in Q. Dualizing gives the following diagram: 





o ► (z d y — ^ (z n y > iv v ► o 

i <f 

(2.ii) o > (z d+r y (z n + r y — iv v ► o 

o — ► (z r y (z r )* — ► z mi © ■ ■ • © z mr — ► o, 





where 7r o % = /3 V . Since the map p is induced from the map i in (12. lip , it is given 
by an integer matrix A. Then from the general fact in the finitely generated group 
theory there exist integer matrices P, P such that PAP is a diagonal matrix with 
entries n\, • • ■ , n s , ■ ■ • ,0 which satisfy the condition m| • • • |n s . This is again the 
Smith normal form. From the diagram (12.111) the third column is exact and the 
cokernel is Z mi © ■ ■ • © Z mr , so the diagonal matrix given by <p is of the form 



mi 



□ 



mi 



X 



Proposition 2.9. Let S = (N, E, /?) 6e a stacky fan and fi — fi 

the vectors {b\, • • • , b n } in the map (5 generate the torsion part Z mi © • 
iV ; then is a nontrivial [i-gerbe over the toric orbifold ^(Sred). 



x Vm r ■ If 
•©Z mr of 



Proof. Applying Hom z (-,C*) to the diagram (12. 8p yields 



G 



(C*) 



T 



(2.12) 



a(tp) 



G 



(c*; 



T 
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where the map ct(tp) is given by the diagonal matrix: 



(2.13) 



\m 1 



since by Lemma l2T8l the map (p in (12. 8B is diagonalizable. By Lemma l2~7Tl N v = N 
and so G = G. So we get an exact sequence 



(2.14) 



1 



G 



G 



mi 



X /v, 



which is a central extension, where \i = Hom z (co/c(/3 v ), C*) = \i 
We can decompose the left side of the diagram (12.121) according to (12.131) to get 
the following diagram for each \i mi : 



(2.15) 



1 



// 



171 1 



1 



(•r 



c* 



(C 



(C*) 



T 



T 



The corresponding component C* C G determines a line bundle Mj over the toric 
orbifold ^(Ered). The central extension (12.141) is nontrivial, because G = G and 
the map tp in ( 12.141) is nontrivial on each component. So from the definition of 
gerbes, the quotient stack = [Z/G] is a nontrivial /x-gerbe over the toric 

orbifold A?(E re d) = [Z/G] coming from the direct sum of line bundles ©jMj. □ 

Remark 2.10. Recall that the stack of roots of a line bundle can be constructed 
as follows. More details can be found in Appendix B of |AGV2] . or |Caj . Let L 
be a line bundle over a variety (or an Artin stack) X. Let m be a positive integer 
and consider the Kummer exact sequence: 



(•) r 



c* 



1. 



Then we have the quotient stack [C*/C*] — Bfi m , where the action is given by 
X ■ x = X m x. Let L* be the complement of the zero section in the total space of L. 
The following twist 

VI := [L*/C] = [L* x c , C*/C*], 

is the pL m -gerbe over X coming from the line bundle L, which is called the stack of 
m-th root of L. \[L may be viewed as a toric stack bundle in the sense of |Jiangl| 
since the stack [C*/C*] is a toric Deligne-Mumford stack. 

In the proof of Proposition [KQ the toric Deligne-Mumford stack is ob- 

tained by applying a sequence of root constructions to line bundles Mi over the 
toric orbifold Af(S re d), i.e. 



ed ) " ' * X *(£ red ) 



12 YUNFENG JIANG AND HSIAN-HUA TSENG 

Similar descriptions have also been obtained independently by F. Perroni [Perroni] . 

Example 2.11. Let N = Z 2 © Z 2 © Z 4; and (3 : Z 4 — > iV fre gwen 6?/ t/ie vectors 

{h = (1, 0, 1, 0), 6a = (0, 1, 0, 0), 6 3 = (-1, 2, 0, 0), 64 = (0, -1, 0, 1)}. 

Then N = Z 2 and Ze£ X fre £/ie complete fan in M 2 generated by 6 2 , 63, 6 4 }. T/ie 
fan S is t/te /an of Hirzebruch surface F 2 . T/ien S = (JV, E, /3) is a stacky fan. 
We compute that (3 V : Z 4 — > iV v = Z 2 is groen fry £/ie matrix 



2 




-4 2 
4 4 



T/ie reduced stacky fan is S red = (Z 2 ,£,/3), where (3 : Z 4 — > Z 2 z's (jroen fry 
{61, 62, &3, 64}. T/ie Ca/e dwa/ (3 : Z 4 — > iV v = Z 2 z's given fry the matrix 

1-210 
10 1 

So in this example the diagram Ii2.8\) is: 



(2.16) 











z 2 



z 2 



z 4 



id 



z 1 



where <p is the diagonal matrix 



2 
4 



Z 2 



z 2 



Zo ©z 4 



from $2.16}) we get the following exact sequence: 

1 ► /X 2 X /X4 ► (C*) 2 ► (C*) 4 



(2.17) 



1 



1 



(C 



*\2 



(C 



id 
*\4 



(C 



*\2 



(C 



*\2 



1. 



The toric Deligne-Mumford stack X(£) = [C 4 — V(Js)/(C*) 2 ], where the action 
is given by the transpose of the matrix f3 y . Let Li,L2 be the two line bundles 
over ¥2 which are the two canonical generators in the Picard group Z 2 of ¥2. The 
toric Deligne-Mumford stack X{Yi) is a /X2 x [i^-gerbe over the Hirzebruch surface 
Af(S red ) = F 2 coming from the direct sum of line bundles Li © L 2 . X(H) can 
be constructed by taking square root and quartic root of line bundles L\ and L 2 
respectively: X(E) = \[L[ x Fz \fL2~. 

Remark 2.12. In the map (3 : Z n — > N, if the components of the torsion part 



of bi are zero, then it is easy to check that N v = N © Z mi 
X(E) = ^(Sred) x B/i with jj = n mi x • ■ ■ x /i mr . 



Z™ and 



Proposition 2.13. Every toric Deligne-Mumford stack X(H) has a decomposi- 
tion: 

X(Y) X(T!) x Bn, 
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where X^S ) is a nontrivial gerbe over the toric orbifold X(Yl' Ted ) and B{i is the 
classifying stack for a finite abelian group [i. 

Proof. Consider the map (3 : Z n — > iV given by integral vectors {b\, • • • , b n } C AT. 
Let N = Z d © Z mi © • • • © Z mr and A^ or = Z mi © • • • © Z mr . Then there exists a 
subgroup N tor C A" tor such that that {bi, • • , 6 n } generate N tor . Let A" = Z d (BN tor 
and let /?' : Z n -> AT' be the map given by {61, • • • , &„}• Then S' = (AT', £, 0) is 
a stacky fan such that {b l , ■ • • , b n } generate the torsion part of A" . 

Let S re d be the corresponding reduced stacky fan. Then by Lemma 12.71 in the 
Gale dual (/?') v : Z n -> (A^') v and p V : Z n -> (AT) V , (A^') v (iV) v . Since the 
cokernel of the map /3 is 

cok(p) © N tor /Nl or S coA;(/3') © N tor /N' tor , 

by Lemma [2.61 the Gale dual map of /3 is 

0V : z n ^(N'y®N tor /N' tor . 

Let = N tor /N' tor . By Lemma [2791 and Remark [2. 121 the proposition follows. □ 

3. Line Bundles over Toric Deligne-Mumford Stacks 

In this section we prove that the Picard group of a toric Deligne-Mumford stacks 
is isomorphic to N v in the Gale dual /3 V : Z n -> N v of (3 : Z n -> AT. 

Let A? (E) = [Z/G\ be a toric Deligne-Mumford stack associated to the stacky 
fan £ = (AT, E, /3). In the case of a quotient stack, a line bundle £ on X(H) is a G- 
equivariant line bundle LonZ. A G-equivariant line bundle on Z is a line bundle 
L on Z together with an isomorphism ip : pr*L — > fi*L, where pr : G x Z — > Z 
is the projection and // : G x Z — > Z is the action. Let Pzc(A?(S)) denote the 
Picard group of X(H). 

Proposition 3.1. Pic(Af(E)) = N y . 

Proof. Since G = Hom%(N v , C*) , Pontryagin duality implies that the character 
group G v of G is isomorphic to A^ v . 

As discussed above, X(H) = [Z/G] where Z = A n \V( J s ) with codim V( J s ) > 2. 
This implies that Pic(Z) ~ Pic(A n ) ~ Z, generated by the trivial line bundle. 

Let C G Pic(X(H), then C corresponds to a G-equivariant line bundle L — > Z, 
which is trivial but not necessarily G-equivariantly trivial. The G-action on L is 
given by a character xc '■ G — > C*. Thus there is a map 

Pic(*(E)) -> G v , 

On the other hand, any character x : G — > C* gives a G-equivariant line bundle 
L x over Z, hence a line bundle on X(£). The result follows. □ 

From the results in [EGj . |Kr] that the Picard group of a quotient stack is 
isomorphic to its first Chow group, we have: 

Corollary 3.2. There is an isomorphism A 1 (A'(S),Z) = A^ v . 
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For each ray pi, we define a line bundle Li over to be the trivial line bundle 

C with the G action on C given by the i-th component of the map a : G — > (C*) n . 
We can similarly define a line bundle Lj over the toric orbifold X(£ re d). This line 
bundle Lj is the trivial line bundle C over Z on which the action of G is through 
the i-th component of the map a : G — > (C*) n , where a is obtained by taking 
Hom z (- C*) to the map V in fl2Tj) . 

For the stacky fan S and its reduced stacky fan S re d, we consider again the 
diagram (12. 8p . Since we have that cok((3 v ) = Z mi © • • • © Z mii _ d by Lemma [2751 
the map ip is given by the diagonal matrix 

where some m/s are 1 since r < n — d. 

Let t := {t\, ■ • ■ , t„_d} be the generators of iV V so that the map cp is diagonal- 
ized. Let {ei,...,e„} be the standard basis of Z n . Let x = (xi) and t = (ti) be 
column vectors, then there exist a matrix A such that x = At. Then under these 
bases the map j3 is given by the matrix A t . Suppost that the map /3 V is given 
by a matrix B, then we have B = MA 1 . Since (3 is surjective, there exists an 
integral matrix C such that t = Cx, where x := {x\, • • • , x n )* with Xj := Aej. Let 
x := (xi, ■ ■ • , x n Y be defined by 

(3.1) X = AMt = AMCx. 

Then every Xj is an integral linear combination of x^'s by the above formula. We 
call the formula (13.11) the associated formula of the stacky fan S. 

Let 7T : Af(S) — > ^(Sred) be the rigidification map. For the line bundle Lj 
over ^(S^) corresponding to ray pj, we have the pullback vr*(Lj) = Cj over 

X(ll). From Lemma 12.81 we have the morphism <p : N — ► iV v after choosing 
the basis of iV = iV v which is diagonalizable. Let id : iV — > iV v be the identity 
morphism under the basis, dualizing we an isomorphism 

id : G -=-> G. 

Under this isomorphism, we can take Lj as a line bundle over Af(S) using the 
character cFj : G — ► C in the j-th component of the map a. Suppose that in the 
formula (13.11) . 

n 

Xi ^ . ? 
J=l 

where a^j, • ■ ■ , a Hj i are integers, then we have the following proposition. 



Proposition 3.3. d = ^Lf*'*. 



Proof. From the construction of the line bundle Li on the toric Deligne-Mumford 
stack the proposition can be easily proved from the diagram (12. 8p and the formula 

0331). □ 
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4. Integral Chow Ring of Toric Deligne-Mumford Stacks 

In this section we study the integral Chow ring of toric Deligne-Mumford stacks. 
For references of integral Chow ring of stacks, see [EGj and [Krj . In this section, 
every Deligne-Mumford stack is semi-pro jective satisfying the condition of 

Lemma 12.91 We use the results in |Iwal] , |Iwa2] concerning the integral Chow ring 
of a simplicial toric orbifold. 

4.1. The Chow ring of stack of roots of a line bundle. In this section we 
compute the Chow ring with integer coefficients of the stack \/L of m-th root of 
a line bundle L. 

Let C* act on the total space of L by acting trivially on the base X and acting 
by A • x := X m x on the fiber. As recalled in Remark 12.101 \/L is the stack quotient 
[L*/C*] with respect to this C*-action. 

Let i : X > L be the inclusion of the zero section, and j : L \ X •—>■ L the 
inclusion of its complement. Then we have an exact sequence on the C*-equivariant 
Chow groups: 

(4.1) M*)o A*(L) C * ^A*(L\ X) c * — > 0, 
where z, is the pushforward and j* is the flat pullback. By [EGJ, 

A*([L*/C*\) = A* C *(L\X). 
Let 7r : L — > X be the structure map of the line bundle. Then we have 

7T* : A m (X) c * A #+1 (L) C *. 

Let 

(4.2) b := (tt*)- 1 o i, ■■ A*(X)c. -> 
We may rewrite the sequence (14.11) as 

(4.3) MX)o A^(X) C * -A A*(L \ X) c * — > 0. 
This implies that 

(4.4) A # ([L*/C*}) S A*_ 1 (X) c */Jm(fo). 

Clearly the map b is given by the C*-equivariant first Chern class of the line bundle 
L, which is c±(L) — mt, where c\(L) is the non-equivariant first Chern class of L, 
and t is the equivariant parameter. Thus we have the following proposition: 

Proposition 4.1. The Chow ring A*([L*/C*]) is isomorphic to the quotient ring 

(ci(L) — mt) 

Proof. Since C* acts trivially on X, we have A*(X) C * = A*(X)[t\. Since c\{L) - 
mt is not a zero divisor, (14.31) is exact on the left, and the image of b is the ideal 
generated by ci(L) — mt. □ 
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4.2. Integral Chow ring of toric Deligne-Mumford stacks. Let £ be a 

stacky fan such that the map (3 generate the torsion part of the group iV and 
the associated toric Deligne-Mumford stack . Let X or b(E) be the underlying 
toric orbifold given by the simplicial fan S. Let 

(A ,s Zfo : Pl € £(!)] 

{ ' } (Iv + Cirp)) 

be the Stanley-Reisner ring of the fan S, where Xi corresponds to the torus invari- 
ant divisor D pi , Czr(S) is the ideal generated by the linear relations: 

where Vi is the first lattice point of the ray pi, and Is is the ideal generated by 
square-free monomials 

{xi ± ■ ■ ■ Xi k : pi x + ■ — h pi k is not a cone a G £} 

in 

Proposition 4.2 ( |Iwalj ). The integral Chow ring A*(X or b(E), Z) is isomorphic 
to gip. 

Consider £ re d = (N, S, /?), where (3 : Z n — > A" is given by the vectors • • • , 6 n }, 
and the toric Deligne-Mumford stack X(ll red ) = [Z/G]. Let C(£ re d) is the ideal 
generated by the linear relations: 

in (USD. 

Proposition 4.3 ( [Iwa2] ). Th ere is an isomorphism of rings: 

Z[z< : Pl e E(l)] 



A*(X(-E red ),Z) 



(J E + C(S red )) 



Remark 4.4. Let £ = (iV, E, /3) fre a stacky fan. For the simplicial fan S ; £/ie 
tone orbifold X or b{Yi) associated to S /ias stocA; structures in codimension at least 
2. TTie tone orbifold X{ll re( j) has stack structures in codimension at least 1. The 
toric orbifold X{ll re( j) can be obtained from X or b(Ti) by taking roots of divisors. 
Since we don't need this result here, we omit the details. 

In view of Proposition 12.91 the idea of proving Theorem 11.11 is to compute the 
integral Chow ring of X(E) by combining Propositions 14.31 and 14. 11 

Proof of Theorem 11.11 As in the proof of Proposition 12. 9[ let Mj — > X(£ red ) 
be the line bundle over the toric orbifold given by one generator in A" and Let 
mj be the corresponding positive integer. The toric Deligne-Mumford stack 
is a nontrivial p mi x • • • x /i mr -gerbe over the toric orbifold ,Y(£ re d) obtained 
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from a sequence of root gerbe constructions determined by the line bundles Mi for 
1 < i < n — d. 

Since the integral Chow ring A*(X(H re d), Z) is generated by the Picard group 
A7 V and z[ ^ gs( , 1)] S N V , so by Proposition Q 

A*(*(£ red );Z)~ Z ^ :ft6 ^ ^Zfc,...,^ 



(Xs red + C(S red )) J Sred 

where {ti, ...,t n -d} is a basis of iV v , the ideal /s red is obtained from Xs red by 
expressing xfi in terms of t\s. By Proposition 14. 1[ the Chow ring A*(A'(S),Z) is 
isomorphic to the ring obtained from ' tn ~ d ^ D y replacing the canonical gener- 

S red 

ators {ti, ■ ■ ■ , t n -d} by {miti, ■ ■ ■ , m n _dtn-d) ■ In view of (13.11) . this is isomorphic 
to the Stanley- Reisner ring SR(H) of the stacky fan I] since in the ring SR(E), 
the ideal Xs is obtained from the ideal X Sred in (11. 5p replacing Xj by for each 
ray p { . □ 

By Proposition l2.131 every toric Deligne-Mumford stack X(H) has a decomposi- 
tion: = #(£ )xB/i, where * (S ) is a nontrivial gerbe over the toric orbifold 
Af(£ red ) and Bp is the classifying stack of a finite abelian group p = p n x • • • x p Va . 
It is known that 

A*(Bp,Z) = Z[t u ---,t s }/{nt ir -- ,r s t s ). 

Thus we have 

Proposition 4.5. The integral Chow ring of X(£) is given by 

A*{X(Z), Z) = A*(X(E'), Z)[h, ■ ■ ■ , t.]/(nfi, • • • , r a t a ). 

5. The Integral Orbifold Chow Ring 

In this section we compute the integral orbifold Chow ring of toric Deligne- 
Mumford stacks. 

5.1. The inertia stack. Let X(Y1) be a toric Deligne-Mumford stack associ- 
ated to the stacky fan X = (N, E, (3). For a cone a in the simplicial fan S, 
let link(o~) = {6j : pj + a is a cone in £}. Then we have a quotient stacky fan 
E/<7 = (N(<t),E/<t, (3{a)), where 

/5(a) : 1} -> iV(o-) 

is given by the images of {&i}'s in link (a). Let m := |cr|, then dim(N a ) = m since 
a is simplicial. Consider the commutative diagrams 

> Z' +m ► Z" > z"-'~ m ► 



(5.1) 



P 



P 



-> 



iV — ^ JV ► ► 0, 
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N„ 



N 



-> 



ft*) 
N{a) - 



Applying the Gale dual yields 

► jn-l-m 



(5.3) 



and 



(5.4) 







z 



n—l—m 



z< 



z n 



N 



► Z /+m 

v ^ , jyv 



</>2 







— ■+ z m 












- AC 7 



0. 



-» 



0. 



Since Z m ^ JV ff , we have N% = 0. Applying Hom z (-, C*) to (OL (Oj) yields 



G 



(5.5) 



and 



(5.6) 



(C 



(C 



G 



(C*) n 



G 



(C 



(C* 

^~<*\n—l—m 



G{a) - 



(C 



Let Z(cx) = A l \¥(Js/ a ), where Js/ CT is the irrelevant ideal of the quotient simplicial 
fan E/cr. By the definition of toric Deligne-Mumford stack, we have X(ll/a) = 
[Z(a)/G(a)], where the action of G(a) is via the map a(a) in (15.61) . 

Proposition 5.1. If a is a cone in the simplicial fan S, then X(E/o~) is a closed 
substack of X(Y2). 

Proof. Let W{a) be the subvariety of Z defined by the ideal J (a) := (zi : pi C a). 
Then W(o~) contains the C-points z G C n such that the cone spanned by {pi : 
Zi = 0} containing o belongs to S. Then the C-point z in W(a) such that 
Pi aUlink(a) implies that * ^ 0. This implies that W(a) = Z(a) x (C*) n ~ l ~ m . 
It is clear that W(a) is invariant under the G-action. 

Let tpo '■ ~^ W(o~) be the inclusion given by z i— > (-2,1). Then we have 

a morphism of groupoids ip Q x {p 1 : Z(er) x G(cr) =t VF(cr) x G which induces 
a morphism of stacks <p : [Z(cr)/G(er)] — >■ [W(cr)/G]. To prove that it is an 
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isomorphism, we first prove that the following diagram is cartesian: 

Z{a) x G{a) W{a) x G 



(s,t) 



(s,t) 



Z( a ) x Z[o) ^t°W(a) x W{a). 

This is easy to prove. Given an element (21,22) £ Z( a ) x under the map 

{p x {p , we get ((21, 1), (z 2 , 1)) G VV(cr) x W(p). If there is an element g <E G 
such that g(zi, 1) = (22, 1), then from the exact sequence in the first row of (15.51) . 
there is an element g(o~) G G(a) such that g(a)z\ = z^- Thus we have an element 
(zi,g(cr)) G Z{a) x G{a). So the morphism ip : [Z{a)/G{a)\ -> [W(<7)/G] is 
injective. Let (2,1) be an element in W(a), then there exists an element g G 
(C*) n_ ' -m such that g(z, 1) = (2, 1). By (15. 5p . g determines an element in G, so 
V? is surjective and ip is an isomorphism. Clearly the stack [W(<t)/G] is a closed 
substack of X(E), so X(E/a) = [Z(a)/G(a)} is also a closed substack of X(E). □ 

Remark 5.2. Proposition I5.il Proposition of [BCSJ. However the proof 
given there has a gap: some incorrect exact sequences were used. We choose to 
give a new proof here. One can prove this result using extended stacky fan defined 
in 



Jiangl| since the quotient stacky fan is naturally an extended stacky fan. 



Following [BCS], for each top dimensional cone a in S, denote by Box (a) the 
set of elements v G iV such that v = Y1 P ca a i^i f° r some < a* < 1. The elements 
in Box(a) are in one-to-one correspondence with the elements in the finite group 
N(a) = N/N a , where N(o~) is a local isotropy group of the stack Af(S). If r C o 
is a subcone, we define Box{r) to be the set of elements in v G iV such that 
v = J2 Pi c T w here < < 1. It is easy to see that Box(r) C Box (a). In fact 
the elements in Box{r) generate a subgroup of the local group N(a). Let Box (12) 
be the union of Box(a) for all <i-dimensional cones o G E. For i>i, . . . , v n G N, let 
cr(T>i, . . . , v n ) be the unique minimal cone in £ containing v 1} . . . , u n . 

Proposition 5.3 ( |BCSj ). T/ie r-t/i inertia stack of the stack X(12) is 
Z r (*(£)) = \\ X(12/a(v u --- ,%)). 

(vi,-- ,v r )eBoxCS) r 

We are interested in the cases r = 1 or 2. When r = 1, 

X (*(£))= ]J *(£/<t(<J)) 

v£Box(E) 

is the inertia stack. The orbifold Chow ring is the Chow ring of the inertia stack 
as Z-modules. 

When r = 2, for any pair (t>i,t>2) in Box (12), there is a unique V3 G Box(12) 
such that v 1 + v 2 + v 3 = (mod iV). We have: 

(5.7) J 2 (*(£))= ]J A-(S/(7^i,^^3)). 

(til , i>2, );fi+f 2+^3=0 (mod iV) 

The components are called 3- twisted sectors in [CRlJ. 
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5.2. The integral orbifold Chow ring. Let ^f(S) be a toric Deligne-Mumford 
stack with stacky fan S and A* orb (X{Yi), F L) its integral orbifold Chow ring. We 
first study the A*(X(E), Z)-module structure of A* orb (X (£) , Z) . Because £ is a 
simplicial fan, we have the following two lemmas in |Jiangl| : 

Lemma 5.4. For any c e iV ; let a be the minimal cone in £ containing c, then 
there exists a unique expression 



PiCa 



where rrii G Z> 0; and v e Box(a). □ 



Lemma 5.5. Lei r be a cone in the complete simplicial fan £ and . . . , p s } C 
link(r). Suppose pi, ■ ■ ■ , p s o,re contained in a cone o C E. T/ien aUr zs contained 
in a cone o/£. □ 

Let u G _Bo:r(E) and a := cr(t>) the minimal cone containing v. Then we have 
the quotient stacky fan £/cr and £ re d/cr. From the diagrams (15.11) and (15.21) we 
consider the following diagrams: 

(5.8) 





N{a). 



Taking Gale dual yields 



(5.9) 




l+m 



N 




N 



For the quotient stacky fan S/cr, if in the map (3 : Z n — ► N, the vectors 
{&!,••• , b n } generate the torsion part of N, then from (15.81) and f!5 .91) . the vectors 
{bi, ■ ■ ■ ,bi} in the map (3(a) : Z ; — > N(a) generate the torsion part of N(a). So 
we have: 
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Proposition 5.6. Given a toric Deligne-Mumford stack X(E) associated to the 
stacky fan S. Suppose that the map (5 generate the torsion part of N, then for 
a cone a C S, the closed substack X(Yi/o~) is a nontrivial gerbe over the toric 
orbifold A?(E red / 'a). □ 

By Lemma 12.81 the map <p in (15. 9p is diagonalizable, so the map tp in (15.91) is 

_ ~ v 

diagonalizable. From and (ET5|) . iV(cx) v ^ iV v , and N(a) v = N , so the map 

p(cr) in (I5.9P is diagonalizable. We assume that <p(a) is given by the diagonal 

integral matrix M(a). Let iq = (xi,--- ,xi) and x; = (%,-•• , £;) be column 

vectors. Then using the same analysis of the formula (13.11) . we have the following 

lemma: 

Lemma 5.7. The formula in ^3. 1\) induces a formula 

^ = A(a)M(a)C(a)^ 

for the quotient stacky fan, where A(a) and C(a) are integral matrices. When we 
takexj as first Chern class of the line bundle Lj, the definition ofxii are compatible 
with restrictions to components of the inertia stack. □ 

Proposition 5.8. Let X{11) be a toric Deligne-Mumford stack associated to the 
stacky fan S ; then we have an isomorphism of A* (X (E) , Z) -modules : 

A*{X{H/aW),Z)[deg{y v )]- ^ 



CirCZ) 



Proof. We use a method similar to that in Proposition 4.7 of Jiangl| . Let 

S s := Z[y h : Pl G S(l)]/X s . 

Then S s /Czr(£) = A* (#(£), Z) given by y bi h-> x { . By the definition of Z[£] and 
Lemma [531 we see that Z[£] = ®„ eBo:r ( S ) y v • S's- And we obtain an isomorphism 
of A*(A(£),Z)-modules: 

(5 10) ^?L^ ffi 

For any v G _Boa;(£), let cr(tJ) be the minimal cone in £ containing v. Let 
Pi, . . . , pi G link(a(v)), and p~j be the image of pi under the natural map 7r : iV — > 
iV(cr(v)) = N/N a (jjy Then Ss/ a (v) C Z[£/cx(v)] is the subring generated by: y b \ 
for pj G link(o~(v)). Let a be the order of the torsion subgroup of N(a(v)). Then 
let a = sa, and conversely we have a = ^a. By Lemmas 15.51 and 15. 7\ it is easy 
to check that the ideal Ij/^) goes to the ideal Xs and we have a morphism 

: 5's/ ( 7(^J)[^e5f(|/ ^ ')] -> • 5s given by: i-> • sy 6 «. If Y%=i 0{pi)ay bi belongs 
to the ideal Cir(E/a(v)), then 



,1=1 / \z=l / \z=l 



*ay bi 
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where 9 = 6 o vr and Ofa) = 0(6*). So we obtain that ^ v (J2\=i 6(bi)ay bl ) G 
y v ■ Cir(S). So induce a morphism : Ci ^M^)) [ rfe g(^)] ~* y^-cl^s) sucn 
that = [y v -sy hi \. 

Conversely, for such v G -Boa;(S) and pi C cr(t>), choose 0j G Hom^(iV, Q) such 
that Oiipi) = 1 and O^b^) = for &j 7^ 6j G cr(tJ). Again by Lemmas 15.51 and 1 5.71 
we consider the following morphism § v : • Ss — > S-^i a (jj)[deg{y v )} given by: 

{- s V hi if Pi C link(a(v)) , 

if pi £ o-(tJ) U link(a(v)) . 

Let ^ • (ELi^)^ 1 ) belong to the ideal y v ■ Cir(E). For 6 I, we have 
= V + e v , where 0„ G N(a(v))* = M n cr(v)" 1 " and 6^ belongs to the orthogonal 
complement of the subspace af/u) 1 - in M. We have 

V \i=l // i=l ftCa(u) V 3=1 / i=l 

Note that Yti=xQv(bi)ay %i G Czr(£/<j(?;)). Now let 0' v = E Pi c^) where 
G Q, then E ftC <x(u) = ^ Pl c*(v) a M b i)- We have: 

PiCcr(lJ) \ J=l / PiCcr(tJ) j = l 

so we have (y 1 " • (X^Li ^(^) a ?/ bi )) e Cir(E/a(v)). So induces a morphism 
$ ■ > 3 */°W \dea(v v )] 

We check that = 1 and = 1. So $> v is an isomorphism. Note that both 

sides of (I5.10p are S^/Cir(Jl) = A*(X(E), Z)-modules, we complete the proof. □ 

Now we compute the ring structure. The key part of the orbifold cup product is 
the orbifold obstruction bundle. For the toric Deligne-Mumford stack X(lT), the 
obstruction bundle over the 3-twisted sectors in (15. 7p is given by: 

Proposition 5.9. Let X(E/o~(Tii, ^2,^3)) be a 3-twisted sector of the toric Deligne- 
Mumford stack X(E). Let v 1 + v 2 + v 3 = £) p . c<r ( ¥l >V2 ^ a-A, a { = 1,2, then the 
Euler class of the obstruction bundle Ot VltV2jV3 ^ over X(E)r vl >V3tV3 ) is: 

Y\ C 1 (£ i )\x(E/ e r(v 1 ft l ,V3)), 
Oi=2 

where Ci is the line bundle over X(£) corresponding to the ray p^. 
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Proof of Theorem 11.21 Proposition ^. 8l gives an isomorphism between A*(X{11), Z)- 
modules: 

A: r6 (*(£), z)^ i*(^(s/ ff («)) 1 z)h( !/ »pi. 

v£Box{T.) ^ ' 

All we need is to show that the orbifold cup product defined in [AG V] coincides 
with the product in ring Z[S]/Cir(S). From the above isomorphisms, it suffices 
to consider the canonical generators y bi , y v where v G Boxill). 

For any V\,v% G Box(E), let v 3 G Box{Y>) be the unique box element such that 
V\ + v 2 + f 3 = (mod N). Then X(E/cr(vi,V2,Vs)) is a 3-twisted sector. Let 
ei : X(H/a(vi,V2,v 3 )) — > X(H/a(vi)) be the evaluation map for 1 < i < 3. Let v 3 
be the inverse of v 3 in the local group, and / : X(S/a(v 3 )) — > X{Y>/ 'cr(v 3 )) be the 
map given by (x, v 3 ) i — > (x,v 3 ). Let e 3 = I o e 3 . Then the orbifold cup product 
is defined by: 

y Vl U or6 y V2 = e 3 A e *y Vl u e *2V V2 U e(0(„ 1) „ 2)V3 ))), 

where 0(„ 1>t , 2i „ 3 ) is the obstruction bundle in Proposition 15.91 Since ei,e 2 ,e 3 are 
all inclusion, so are representable as morphisms of Deligne-Mumford stacks. By 
|Krj . the pullback and pushforward are well-defined for integral Chow classes. Let 
7r : X(ll) — > ^(Sred) be the natural morphism of rigidification. The first Chern 
class of the line bundle Li is y bi , so by Proposition 13.31 the first Chern class of 
Li is Y^=i a j,iV bi which is y bi . This class represents an integral Chow class of 
X^ja^vx^vz)). We have that e 3 ,*(y 6i ) = y h G A*{X{H/a(fi z )), Z). So by the 
definition of orbifold cup product we have 

v vi -v va = v* 3 l[y bi 

iel i&J 

□ 



6. Examples 

In this section we compute some examples of the integral Chow ring and integral 
orbifold Chow rings. 

Example 6.1 (The moduli stack of 1-pointed elliptic curves). Let £ be the com- 
plete fan of the projective line, N = Z © Z/2Z ; and (3 : Z 2 — ► Z © Z/2Z be given 
by the vectors {b\ = (2, 1), 6 2 = ( — 3,0)}. Then £ = (N, £, (3) is a stacky fan. 
We compute that (/3) v : Z 2 — > N v = Z is given by the matrix [6,4]- So we get the 
following exact sequence: 

— y Z — ► Z 2 Z 2 © Z 2 — ► 0, 
— > Z — > Z 2 -^U Z — > Z 2 — > 0, 

and 

(6.1) 1 — > fi 2 — >C*^(C*) 2 — >C* — ► !. 
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The toric Deligne-Mumford stack X(E) = [C 2 - {0}/C*] =: P(6,4), where the 
action is given by X(x,y) = (A 6 x, X 4 y), may be identified with the moduli stack 
«Mi,i of 1-pointed elliptic curves. The stack A'(S) is the nontrivial p 2 -gerbe over 
P(3, 2) coming from the canonical line bundle over P(3, 2). Since N = Z © 7*2, we 
have rrii = 2. By Theorem 1.1, we have 

which is the same as the result in [EG]. VKe compute the integral orbifold Chow 
ring. There are 7 frox elements: v = (1,1), W\ = (— 1,0), W2 — ( — 2,0),u = 
(0,1), p\ = (l,0),p2 = ( — 1, 1) an d p 3 = (—2,1) corresponding to 7 twisted sec- 
tors. The three box elements v,ui\,u generate the others. So by Theorem 1.2 we 
have 

^(*(E),Z) ^ 7 2 

(2xi — 3x2, 2xi2x2, f — 2xim, — 2x 2 u, vwi,v2x 2 , Wi2x\, u 2 - 

Z[t,r;,wi,n] 

(24t 2 , v 2 — 6tu, wf — 4tu, vwi, 4vt, 6wit, u 2 — 1) ' 

which is the same as the result in [AG V] . 

Example 6.2. In this example we discuss the relation between integral orbifold 
Chow ring and the integral Chow ring of crepant resolutions. Let N = Z 2 ; and 
(3 : Z 3 -> Z 2 be given by the vectors {b x = (1, 0), b 2 = (0, 1), b 3 = (-1, -2)}. Let E 
6e i/ie complete fan in IR 2 generated by {bi, b 2 , b 3 }. Then E = (iV, E, /3) zs a stacky 
fan. We compute that (/?) v : Z 3 — > iV v = Z is given 6?/ i/ie matrix [1,1,2]. So we 
get the following exact sequence: 

(6.2) 1 — ► C* (C*) 3 — > (C*) 2 — ► 1 

T/ie toric Deligne-Mumford stack A"(£) = [C 3 — {0}/C*] ; where the action is 
given by X(x, y, z) = (Ax, Xy, X 2 z), is the weighted projective stack P(l, 1, 2) which 
is a toric orbifold. We compute the integral orbifold Chow ring. There is one 
box element: v = l&i + ^b 3 = (0, 1) corresponding to one twisted sector. So by 
Theorem 1.2 we have 

Z[Xi,X2,X 3 ,w] 



(X1X2X3, Xi - X 3 , X 2 - 2x 3 , V 2 - XiX 3 , VXi, vx 2 , vx 3 ) 

^ Z[x 3 ,v] 

(2x 3 , 2vx 3 , v 2 — x 3 ) ' 

Let p 4 be a ray generated by v = 64. Then the complete fan E = b 2 , 6 3 , 64} 
generated by the rays {pi, p 2 , p 3 , p 4 } is the fan of Hirzebruch surface F 2 . It is 
well-known that 

A*(F 2 ,Z) = 7 Z[Xl ' X2 ' X3 ' X4] - 

(XiX 2 X 3 , Xi - X 3 , X 2 - 2x 3 - X 4 , , X 2 X 4 , XiX 3 ) 

^ ^3,^4] 

(2x1 + x l x *i x h 2x 3 x 4 + x\) ' 
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It is easy to see that these two rings are not isomorphic. So under integer coeffi- 
cients, A* rb (;t(£),Z) £ A*(F 2) Z). In [BMP], the authors proved that 

^(*(E),C)s^(F a ,C) 

where Aq(¥2, Z) zs t/ie quantum corrected cohomology of ¥2 under complex number 
coefficients, thus verifying the cohomological crepant resolution conjecture [Rj . 
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